Subgrid closures in the Fourier space belonging to the variational multiscale method proposed by Hughes are investigated in the case of the incompressible freely evolving isotropic turbulence in the limit of an infinite Reynolds number. Sensitivity to the closure used at small scales is shown to be high, and different hybrid spectral closures proposed in the present study which explicitly account for the computed kinetic energy spectrum shape yield good results. The original formulation of the method is observed to suffer from an unphysical energy pile-up in the large scales, which arises from the fact that the kinetic energy transfers associated with distant triadic interactions are neglected. The use of a nonorthogonal operator to define the resolved large and small scales is proved to alleviate this problem, yielding an accurate and robust spectral variational multiscale methods for high Reynolds number flows.
I. INTRODUCTION
Large-eddy simulation ͑LES͒ is a popular technique for simulating turbulent flows at high Reynolds numbers which cannot be handled through direct numerical simulation ͑DNS; see Ref. 1 for a general presentation͒. The key idea is to truncate the exact solution by using a reduced number of degrees of freedom. This projection onto a reduced basis leads to a scale separation: the scales that are too small to be captured on the computational grid are represented through the use of a subgrid model, while larger scales are directly computed.
The LES approach raises many theoretical and practical problems, dealing among other issues with the mathematical modeling of the loss of the small scales ͑filter theory͒, boundary conditions, numerical methods, etc. A key issue is the development of efficient models for the subgrid scales. The two main strategies are the explicit modeling, which consists in adding source terms in the Navier-Stokes equations to account for the subgrid-scale effects, and the implicit modeling, which relies on the use of ad hoc numerical schemes whose truncation errors will play the role of the subgrid model. In the explicit modeling approach, a major problem is the definition of general subgrid models which can account for a wide range of subgrid scales dynamics. Heuristic models or models based on very stringent assumptions on the subgrid dynamics are known to yield poor results when they are applied to very different flows. Therefore, the issue of developing subgrid closures which rely only on weak assumptions on the subgrid dynamics is of major importance.
Several recently published works aimed at defining general methods for closing the LES equations in the most general possible ways, using a multiscale/multilevel framework. Among others, one can cite the subgrid estimation model of Domaradzki and co-workers, [2] [3] [4] the multilevel method of Terracol and Sagaut 5, 6 and the variational multiscale method of Hughes and co-workers. [7] [8] [9] [10] The approximate deconvolution method proposed by Stolz and co-workers [11] [12] [13] [14] can also be interpreted as a member of this family. The common key idea is to synthesize a part of the subgrid scales on an auxiliary grid with a finer resolution than the original LES grid. The subgrid fluctuations being reconstructed, the subgrid tensor at the original LES level is better predicted than with heuristic models, without restriction on the anisotropy or nonequilibrium of the small scales.
Because they are not designed to account directly for the kinetic energy cascade, these multiscale/multilevel methods do not allow an explicit control of the kinetic energy budget of the resolved scales, and may lead to a spurious pile up of the resolved kinetic energy and possible numerical instabilities at very high Reynolds numbers. This fact leads Domaradzki and Yee to propose a stabilized version of the original subgrid estimation model, 4 and has Stolz and Adams use a secondary regularization within the context of approximate deconvolution method.
The present paper aims at investigating the sensitivity of the variational multiscale ͑VMS͒ method, as it is proposed by Hughes, in the case of turbulent flows in the limit of infinite Reynolds numbers. This method was shown to yield satisfactory results at low to medium Reynolds number isotropic turbulence and channel flows with spectral methods. 9 channel flows. The variational multiscale methods are based on several key elements, among which are the test filter used to extract the smallest resolved scales, the associated auxiliary cutoff wavenumber, and the subgrid closure applied to the smallest scales. Holmen et al. 17 reported a high sensitivity of the basic model with respect to the auxiliary cutoff wavenumber in plane channel flow at low to medium friction Reynolds numbers. It is decreased when a dynamic model based on the Germano-Lilly procedure is used to close the system. The plane channel flow case, still at medium Reynolds number, was also addressed by Vreman, 18 who recast the original model in a more general two-level filtering framework and propose several possible extensions. Koobus and Farhat 19 also obtained good results with the variational multiscale method applied to the flow past a square cylinder on unstructured meshes, showing that this approach can be easily extended. Lastly, it is interesting to notice that the variational multiscale method can be interpreted as a particular static case of Terracol's multilevel method. 5, 6 We extend here these previous analyses of the properties of the variational multiscale method implemented in the Fourier space. The purpose is to provide a detailed analysis of the influence of two key elements of the original method, namely, the orthogonality property of the scale separation operator and the subgrid closure used in the momentum equation to account for the unresolved small scales. The spectral implementation presented in Ref. 9 is retained as a reference, and the case of incompressible decaying turbulence in the limit of infinite Reynolds number is retained as a test case. Indeed, it enables us to get an insight into the behavior of the method when the only source of resolved kinetic energy dissipation is the subgrid model and "lowReynolds" effects due to the molecular viscosity, which can smooth some problems, are absent.
The paper is organized as follows. Governing equations and subgrid closures are presented in Sec. II. Key elements of the numerical method are briefly recalled and the results obtained with the retained subgrid closures on three different grids are presented in Sec. III. Conclusions are drawn in Sec. IV.
II. MATHEMATICAL AND PHYSICAL MODELS

A. Large-eddy simulation equations in Fourier space
The Navier-Stokes equations for incompressible Newtonian fluids are written in the Fourier space:
where is the molecular viscosity, k the wavenumber, and û k ϵ û ͑k , t͒ the corresponding velocity mode. The index k appearing in the definition of the nonlinear term refers to the corresponding contribution associated with this wavenumber.
The corresponding discretization in a box with volume 2 3 on n 3 grid points leads to
where the sum is over the vectors x such as ͑x i ͒ i=1,3 =2j / n , j =0, ... ,n −1. The LES equations are derived projecting the DNS solution onto a basis with fewer degrees of freedom, resulting in a filtering of the smallest scales. Introducing a cutoff threshold k c in the wavenumber space and using a sharp cutoff filter, the resolved scales ū ͑x , t͒, and the subgrid scales uЈ͑x , t͒ are expressed as
The governing equations for the resolved modes are obtained in a straightforward manner:
where R k = ͑u û ͒ k − ͑ū ū ͒ k is the subgrid tensor, which must be modeled.
B. Spectral subgrid-viscosity models
The concept of energy cascade in turbulent flows allowed many authors to model the interactions between small and resolved scales using a spectral subgrid viscosity t ͑k ͉ k c ͒, where the notation k = ͉k͉ is used. These models have the following generic form:
Two spectral models are considered in the present study to assess the performance of the multiscale models, which are as follows.
where E͑k c ͒ is the kinetic energy at the cutoff and C K = 1.4 is the Kolmogorov constant. ͑ii͒ The spectral dynamic Chollet-Lesieur model, which is sensitive to the slope of the energy spectrum, m:
This expression is used for m Ͻ 3 and the subgrid viscosity is set to zero for higher values. In the present paper, the spectral slope m is evaluated using the highest resolved frequencies in the range ͓͑k c +1͒ /2,k c ͔. This spectral dynamic model can be considered as a counterpart of Germano's procedure in physical space, but it did not exhibit any fluctuating behavior, ensuring thus its stability.
At last, the Smagorinsky model was also implemented to enlarge the database. Its expression in the physical space is
where ⌬ = / k c is a characteristic mesh size, C S is the socalled Smagorinsky constant, and
The closure relationship in the physical space is written as
C. Variational multiscale models
Previous subgrid models rely on the assumption that the interactions between resolved and subgrid scales can be efficiently taken into account by ensuring that the correct balance of the resolved kinetic energy is recovered. Therefore, they can be classified as functional models:
1 they do not lead to relevant predictions of the subgrid tensor, but they aim at introducing the correct sink term in the resolved kinetic energy equations.
To define a more general model, Hughes and co-workers [7] [8] [9] [10] proposed to reconstruct a part of the subgrid modes, uЉ, and to use these reconstructed modes as an estimation for the whole subgrid motion. The original variational formulation relies on two key hypotheses.
First, the resolved fields ū and uЉ are orthogonal. In the Fourier space, this orthogonality property is written as a nonoverlap property in the wavenumber domain:
where k c Ј is an arbitrary parameter larger than k c . The value k c Ј=2k c was used in Refs. 8 and 9 and is retained in the present study, unless another value is explicitely mentioned.
The second key assumption in Hughes' formulation is that the resolved large scales ͑ū ͒ do not directly interact with the modes associated with wavenumbers k such that ͉k͉ Ͼ k c Ј. This approximation was noted to be a strong one by Collis 21 ͑but no results were shown in this reference to measure its impact͒, and it is worth noting that if it is suppressed, the VMS approach will exactly correspond to a two-band implementation of Terracol's multilevel LES method 5, 6 with simplified subcycling strategy. The physical picture corresponding to this assumption is that the distant triadic interactions have a negligible influence on the largest scale dynamics.
In practice, the field uЉ is computed by solving the corresponding evolution equation derived from the NavierStokes equations. Because k c Ј is not chosen large enough to ensure that all active scales of the exact solution are directly captured, the equation for uЉ appears as a secondary LES problem that need to be closed.
Therefore, the VMS governing equations in Fourier space are
where
͔ k is the subgrid tensor, which needs to be modeled, and u R ϵ ū + uЉ is the total resolved field.
It is proposed in Ref. 9 to close the latter equation using an eddy viscosity model derived from the Smagorinsky model:
Two definitions of the eddy viscosity are proposed:
where ⌬Ј = / k c Ј. The models defined by Eqs. ͑16͒ and ͑17͒
are, respectively, referred to as the small-small model and the large-small model. The constants used in this model can be evaluated analytically by analogy with Lilly's approach for the Smagorinsky constant. The difference here is that there exist two characteristic wavenumbers k c and k c Ј. Assuming that the local equilibrium hypothesis is achieved, and that the spectrum is a Kolmogorov spectrum at all wavenumbers, one can find ͑see Ref. 9 for details͒
͑19͒
Equations ͑18͒ and ͑19͒ show that given the ratio k c Ј/ k c , a satisfactory value of the Smagorinsky constant will drive a determined value of the constant used in the VMS closures.
Thus, choosing k c Ј=2k c one obtains C 2 / C S Ӎ 1.62, where C S = 0.18 is the theoretical value of the Smagorinsky constant for isotropic turbulence in the limit of an infinite Reynolds number. This is very close to the value 1.65 of the ratio found by David, 22 comparing his selective structure function model to the structure function model of Métais and Lesieur. 23 This value ensures the same kinetic energy dissi- pation for both models, and has been assessed through simulations of decaying isotropic turbulence. The selective function aims at decreasing the physical support of the subgrid dissipation by emphasizing the weight of the smallest resolved scales in the computation of the subgrid viscosity, as the VMS approach does in a sense by making it more local in spectral space. For the computations presented in the following, we deliberately choose to use the same constant for both the VMS closures ͑whereas C 1 should be lower than C 2 ͒, based on the value 0.18 of the Smagorinsky constant which turns out to be efficient in this case. No attempt is made here to tune the VMS constants, in order to exhibit intrinsic properties of this multiscale approach. Besides, the choice of the optimal k c Ј/ k c ratio for nondynamic closures is further discussed in Holmen et al. 17 We now introduce a more general multiscale model, based on the same idea as the original VMS model, but which does not rely on the assumption that the resolved field ū and the reconstructed field uЉ are orthogonal. In the Fourier space, this corresponds to fields which are overlapping in the wavenumber domain. The two fields are now defined as
where G͑k͒ is a nonorthogonal scale separation operator. In the following, the Gaussian filter G͑k͒ = exp͓−͑k⌬͒ 2 /24͔ is used. It is worth noting that this choice makes the nonorthogonal VMS method share some features with the enhanced field dynamic Smagorinsky model proposed by Winckelmans and Jeanmart. 15, 16 As mentioned above, these methods can also be interpreted as particular implementations of Terracol's multilevel LES method in the physical space, without subcycling strategy. The corresponding VMS equations are
where the subgrid term R k Љ is still modeled using a subgridviscosity model. The Gaussian filter can be extended in the physical space using any smooth filters, since the key property for the present purpose is the existence of an overlap in the wavenumber domain between u ͑g͒ and uЉ.
D. Bridging between VMS, hyperviscosity models, and filtered models
Both orthogonal and nonorthogonal VMS approaches can be reformulated as particular implementations of the usual LES decomposition for modes k such that ͉k͉ ഛ k c Ј. 
Rewriting systems ͑13͒, ͑14͒, ͑21͒, and ͑22͒ as an evolution equation for the total resolved field u R , one obtains
͑23͒
The main formal difference between the two VMS methods is that R k is identically zero for modes k such that ͉k͉ ഛ k c Ͻ k c Ј when the orthogonal decomposition is used, while it is a priori nonzero for all resolved modes in the nonorthogonal case. Therefore, the nonorthogonal formulation makes it possible to take into account the distant triadic interactions between modes ͉k͉ ഛ k c and the subgrid modes ͉k͉ ജ k c Ј, while these interactions are neglected in the orthogonal formulation. Since the theoretical analysis of Kraichnan predicts that 25% of the total kinetic energy transfer of a mode k is directed toward modes greater than 2͉k͉ in the limit of infinite Reynolds numbers, it is expected that the nonorthogonal formulation will be more robust for computing flows at very high Reynolds numbers.
It is also interesting to note 15 that a particular feature of the VMS approach is to allow the definition of a Smagorinsky-like subgrid viscosity which is more local in Fourier space than the original Smagorinsky model. This feature is very interesting, since it is well known that a major flaw of the Smagorinsky model in shear flows is its dependency upon the largest scales of the flow, i.e., upon the lowest wavenumbers. Limiting the spectral dependency of the subgrid model is a way to extend the models based on the energy at the cutoff expressed in the Fourier space. This remark makes possible to establish the link between the VMS approach and the filtered subgrid model approach, as proposed by Lesieur and Métais 24 for the structure function model and generalized to other subgrid viscosity models by Sagaut et al. 25 This is illustrated considering the nonorthogonal approach, and using the second-order Taylor expansion for the filter uЉ ϰ ␣⌬ 2 ٌ 2 u R , where ␣ is a filter-dependent constant. Besides, this enables us to recover the filtering analog of the VMS as proposed by Vreman. 18 Inserting this expression into the small-small ͑SS͒ and large-small ͑LS͒ VMS models, one obtains
͑25͒
The filtered Smagorinsky model is defined as
Comparing these expressions, it is observed that the small-small VMS model and the filtered Smagorinsky model share the same basic structure for the definition of the subgrid viscosity, the latter corresponding to a small-large closure in the parlance of Hughes. The usual Smagorinsky model corresponds to the large-large solution. A major difference between VMS and filtered models is that the former are equivalent to hyperviscosity models, 15 while the latter are not. Finally, it is important to note here that using this hyperviscosity formulation of the VMS, the resulting closures can be easily generalized in physical space on unstructured meshes, since it is equivalent to a Smagorinsky closure applied to a prefiltered velocity field.
E. Hybrid VMS closures
The variational multiscale approach is not directly linked to a particular closure for the interactions between resolved and subgrid modes. We now introduce hybrid VMS models ͑or spectral dynamic VMS models following the terminology of Lesieur and Métais 24 ͒, by modifying the closure in the VMS equations for the small scales. This modification aims at rendering the closure more sensitive to the changes in the spectrum shape. It is achieved by multiplying the original small-small and large-small subgrid-viscosity models by the spectrum shape function ͑m͒ defined in Eq. ͑9͒.
III. NUMERICAL RESULTS
A. Numerical setup
The code used in the present study is the same as in Ref. 26 . The Navier-Stokes equations written in Fourier space are solved using a code based on a three-step, low-storage Runge-Kutta algorithm. Dealiasing is carried out using the 2 / 3 rule. Simulations are initialized using a random solenoidal velocity field with Gaussian kinetic energy spectrum.
A set of LES of decaying isotropic turbulence in the limit of a vanishing molecular viscosity was performed to assess the properties of the two VMS formulations. Several grid resolutions were considered, and classical LES simulations were carried out on the same computational grid for purpose of comparison.
The models considered in the present study are the following. ͑iv͒ The variational multiscale model with small-small closure. The subgrid-viscosity constant is set equal to 0.3.
͑v͒ The variational multiscale model with hybrid largesmall closure ͑same value of the constant as above͒.
͑vi͒ The variational multiscale model with hybrid smallsmall closure ͑same value of the constant as above͒.
Both orthogonal and nonorthogonal decomposition VMS methods are considered in the following.
The grid resolutions and the corresponding cutoff wavenumbers k c and k c Ј are listed in Table I , taking into account the 2 / 3 rule for the aliasing errors. It is important to note that the non-VMS simulations are performed using k c Ј as the cutoff wavenumber for the original LES filter, in order to compare solutions having the same total resolution ͑and comparable costs͒. The extra cost due to the implementation of the VMS methods is negligible ͑a few percent͒ with respect to the cost of the original subgrid model, since it only requires to filter the velocity field. The extra memory requirement is also very small, since only one copy of the velocity field is necessary.
B. Analysis of the main features of the VMS models
The properties of the original VMS methods ͑orthogonal decomposition, large-small and small-small closures͒ are first analyzed looking at Figs. 1-3 , where the time histories of kinetic energy, enstrophy, and the turbulent kinetic energy spectra at the final step of the computation are displayed. It is observed that the VMS methods are more dissipative at small scales than the Chollet-Lesieur and Smagorinsky models on this case. This is clearly seen by looking at modes located in the ͓k c , k c Ј͔ range on the spectrum, which are severely damped with both the large-small and small-small closures, while the two other simulations yield a slope value much closer to −5 / 3. This observation is coherent with the fact that the enstrophy is monotonically decaying in time in the two VMS computations, while the opposite trend is seen in the Chollet-Lesieur computation. The resolved turbulent kinetic energy is seen to have higher values in the VMS simulations at long times. This is also coherent with the computed spectrum shapes, where the smallest wavenumbers are much more energetic in these simulations than in the two others. An explanation for this is that the VMS models introduce too high a dissipation in the ͓k c , k c Ј͔ spectral band, leading to an overdamping of the modes contained in it. It provides thus an unphysical decrease of the forward kinetic energy cascade in the ͓0,k c ͔ spectral band and an energy accumulation in this band.
The influence of the closure in the VMS approach is now investigated looking at the results obtained on the same grid with the hybrid versions of the large-small and small-small subgrid-viscosity models, while still using the orthogonal decomposition operator. Figures 4-6 display the turbulent kinetic energy spectra and the time history, respectively, of resolved kinetic energy and enstrophy. Very significant changes are observed in the VMS results: all the spurious features associated with the overdissipative character of the large-small and small-small models have been cured, and it is seen that the hybrid VMS closures exhibit the less dissipative behavior at small scales. A bump on the time evolution of resolved enstrophy corresponding to the highest energetic level of the smallest scales appears with hybrid VMS closures computations while it is damped with the other models because of the extremely coarse grid used here. A closer look at Fig. 4 reveals an energy pile-up at the cutoff in VMS and Smagorinsky simulations, which is characterized by a cusp in the energy spectrum. This phenomenon is easily explained by the well-known fact that the Smagorinsky model does not account for the sudden increase in the subgrid drain of resolved kinetic energy in the vicinity of the cutoff when a spectral sharp cutoff is used, leading to a small energy accumulation. The Chollet-Lesieur model precludes this effect, because it accounts for this local drain increase. Since both large-small and small-small closures are based on the Smagorinsky model, the existence of this cusp in the energy spectrum is expected.
The behavior of the VMS models on the 64 3 grid is now analyzed to assess their sensitivity to the grid resolution. Corresponding results, i.e., the turbulent kinetic energy spectra and the time history of resolved kinetic energy and enstrophy are presented in Figs. 7-12. It is first observed that the overdissipative character of the small-small and largesmall closures on the smallest resolved scales has a much smaller impact than in the coarser grid simulations: computed time histories are very close to the ones obtained with the Smagorinsky and the Chollet-Lesieur models. The decay rate of kinetic energy is the same in all simulations in the late stage of the simulation, with a decay rate proportional to t −1.55 . This value is much closer to the eddy-damped quasinormal Markovian prediction than the t −1.26 observed in the 32 3 runs. Therefore, it can be concluded that the VMS approach requires a minimal resolution to recover results obtained with the Smagorinsky and the Chollet-Lesieur models. But clear discrepancies between the computed flowfields still exist, which are seen on the turbulent kinetic spectra. The overdissipative character of the small-small and largesmall closures is still present and is alleviated by incorporating the spectrum slope function ͑m͒ in the definition of the subgrid viscosity. This is coherent with the finding of Holmen et al. 17 that the use of a dynamic Smagorinsky model yields an improvement of the results in the plane channel case. The most striking feature of the VMS simulations is that in all cases an energy pile-up is seen in the ͓0,k c ͔ frequency band. It is less important but still present when hybrid small-small and large-small models are used. This phenomenon and possible cures for it are discussed in the following section.
C. Energy pile-up at large scales and non-orthogonal VMS methods
We now analyze the energy pile-up at the intermediate cutoff frequency k c with more details and assess the properties of VMS methods relying on a nonorthogonal decomposition.
The proposed explanation for this phenomenon is that the VMS method with orthogonal decomposition precludes any direct interaction between modes belonging to the ͓0,k c ͔ frequency band and subgrid modes ͑see Fig. 13͒ , and then does not take into account the resolved kinetic energy drain associated with the distant triadic interactions in this band. Since Kraichnan's theoretical analysis predicts that these transfers can be responsible for 25% of the total kinetic energy drain in the present case of a vanishing molecular viscosity, a noticeable energy accumulation near the intermediate cutoff wavenumber k c can be expected. To assess this hypothesis, a new set of computations were carried out on the 64 3 and to decrease in the inverse case. This behavior is observed with both small-small and hybrid small-small closures, showing that it is a general feature of the VMS approach with orthogonal decomposition associated with the lack of model for the distant interactions. This analysis provides a rationale for the experimental finding by Holmen et al. 17 that k c / k c Јϳ 0.5-0.6 yields improved results with nondynamic models in the case of channel flow at medium Reynolds number.
Since the pile-up is slightly decreased when hybrid models are used, a secondary mechanism with weaker intensity seems to be present: a bottleneck effect, due to the fact that too high a damping of smallest resolved scales will decrease the rate of the forward energy cascade among resolved scales.
The impact of the use of a nonorthogonal decomposition operator is now investigated. As discussed in Sec. II C, the use of a nonorthogonal decomposition induces some frequency overlap between the two parts of the resolved flowfield, and all the resolved frequencies will be directly submitted to the influence of the closure. Consequently, the nonorthogonal VMS methods might not suffer from the energy accumulation flaw detected above.
To assess this point, simulations have been carried out with a VMS method based on the Gaussian filter on the 64 3 grid. Results are displayed in Figs. 16-21 . The energy pile-up problem is not observed in these new simulations, whatever closure is used, proving that it is an efficient way to cure this problem. As in orthogonal VMS simulations, the use of nonhybrid large-small and small-small closure induces too strong a damping of the uЉ field and a misprediction of the kinetic energy spectrum slope. This problem is alleviated by the use of hybrid large-small and hybrid small-small models. Nevertheless, the use of the nonorthogonal separation operator, coupled with a finer grid, seems to weaken this overdamping of resolved small scales, especially concerning the small-small closure, Fig. 17 .
The resulting nonorthogonal VMS methods with hybrid closures have dynamic properties very similar to the ones of the Germano-Lilly dynamic Smagorinsky model. To emphasize this point, the time history of the spectrum slope subgrid closure constant C͑m͒ is plotted in Fig. 22 . It is seen that this equivalent dynamic constant exhibits a behavior very close to the one known for the classical dynamic Smagorinsky model. The hybrid small-small model yields a mean value very close to the theoretical value of 0.18. Both hybrid large-small and hybrid small-small model equivalent dynamic constant exhibit a smoothly varying behavior. This is consistent with Kida and Ohkitani's findings dealing with the time variation of the energy spectrum and the synchronized fluctuations of the kinetic energy transfer rate. 27 The VMS method, by construction, must reflect this fine details of the structure of the energy transfers in isotropic turbulence.
The grid convergence of the nonorthogonal VMS methods based on hybrid closures is finally investigated. Results obtained on a 128 3 as global parameters are considered. This is consistent with the statement of Kang et al., 28 that low-order statistics are correctly recovered by consistent models in isotropic turbulence. The main observed discrepancy deals with the value of the peak in the enstrophy history, the hybrid small-small closure leading to the highest value, the lowest being obtained with the Smagorinsky model.
IV. CONCLUSIONS
The variational multiscale method proposed by Hughes et al. was analyzed in the case of the isotropic turbulence in the limit of infinite Reynolds numbers. A detailed analysis of the computed kinetic energy spectra shows how the closure used for the smallest resolved scales can change the results. The use of a model which induces too high a dissipation rate at small scales is observed to lead to an unphysical damping of the spectrum for wavenumbers in the ͓k c , k c Ј͔ range. The theoretical spectrum slope is recovered using a self-adaptive model. The computed value of the constant is observed to be model dependent: it fluctuates around 0.18 for the smallsmall model and 0.21 for the large-small model. These results are fully coherent with previous observations by Holmen et al., who report an improvement of their channel flow computations when using a dynamic Smagorinsky model at small scales. A side effect of this overdamping of the smallest resolved scales is the existence of a bottleneck effect which leads to an energy pile-up at large scales.
The main factor responsible for the observed kinetic energy pile-up at the auxiliary cutoff wavenumber k c when an orthogonal filter in the Fourier space is used is that the distant triadic interactions with subgrid scales are neglected. The use of a nonorthogonal filter is observed to cure this problem, because it leads to a frequency overlap between the two parts of the resolved velocity field, rendering all the scales sensitive to the subgrid closure. This result suggests that implicit large-eddy simulation based on Tadmor's spectral vanishing method might suffer from the same problem if the spectral viscosity is enforced to be strictly zero on a wide low-frequency band. Actual implementations 29, 30 using Legendre polynomial bases do not suffer from this problem, since these polynomials are not local in the Fourier basis. 
